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Abstract. In this article we provide short mathematical descriptions for the main as-
pects of the Calderón problem.

Let Ω ⊂ Rn be a bounded domain with boundary ∂Ω, n ≥ 2. For convenience we
assume that ∂Ω is smooth. Suppose that γ ∈ L∞(Ω) is such that γ > c > 0 for some
c > 0, then the following boundary value problem{

div(γ∇u) = 0 in Ω,
u = f on ∂Ω

has a unique weak solution uf ∈ H1(Ω) for every f ∈ H1/2(∂Ω). Thus, the Dirichlet-
Neumann map Λγ can defined weakly on H1/2(∂Ω) by

Λγ :
{
H1/2(∂Ω)→ H−1/2(∂Ω),

f 7→ γ∂νuf |∂Ω
.

Physically, if Ω models an electrical conductor with conductivity γ at each point x ∈ Ω,
then the Dirichlet-Neumann map corresponds to a measurement of the electrical current
for each boundary voltage f . In this context, the Dirichlet-Neumann map is also referred to
as the voltage-current map. The question Calderón raised was the following: is it possible
to recover the electrical conductivity of an object by making infinitely many voltage to
current measurements? Mathematically, we wish to prove

Theorem 1. Let γ1, γ2 ∈ L∞(Ω) be such that γ1, γ2 > c > 0 for some c > 0. Suppose that
Λγ1 = Λγ2, then we have γ1 = γ2.

Theorem 1 was first proved by Sylvester-Uhlmann in [3] under the slightly stronger con-
dition that γj ∈ C2(Ω) and γ1|∂Ω = γ2|∂Ω . It is not hard to sketch the proof of their
result.

Sketch of the Sylvester-Uhlmann proof. It was observed that if one introduces the Schrödinger
potentials

qj
def= ∆γj1/2

γj1/2 , j = 1, 2,

then the assumption that Λγ1 = Λγ2 and γ1|∂Ω = γ2|∂Ω implies∫
Ω

(q1 − q2)u1u2 dx = 0(1)

for all uj ∈ H1(Ω) solving (∆ + qj)uj = 0. For every ξ ∈ Rn, the crucial contribution by
Sylvester-Uhlmann was their constructions of complex geometric optic (CGO) solutions
of the form uj = ex·ζj/h(1 + rj), h > 0 using the L2 Carleman estimate. Here

ζj ∈ Cn, ζj · ζj = 0, ζ1 + ζ2 = ihξ, (∆ + qj)uj = 0, rj = oL2(1).

as h→ 0. Implementing these solutions into identity (1), we get that∫
Ω

(q1 − q2)eix·ξ dx = o(1).
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Hence letting h → 0 we conclude that the Fourier transform of q1 − q2 is zero for every
ξ ∈ Rn so that q1 = q2. In particular, γ1 = γ2. �

In the above we used the linear weight x · ζ in the Carleman estimate. The case n = 2 is
considerably different since one relies on holomorphic weight instead. The result in this
case is due to Bukhgeim [1].

In recent years it has been a main motivation in the field to study the Calderón prob-
lem in the case where the underlying geometry Ω is replaced by a compact, Riemannian
manifold (M, g) with smooth boundary ∂M . In order for the method of CGO solutions
to apply one needs prove suitable Carleman estimate with weights that depends on the
geometry of (M, g). The case where M is a Riemann surface is completed solved [4], but
in the higher dimension setting the problem remains open except for some very special
cases [2].

Other than uniqueness, one could also study the questions of stability, reconstruction,
partial data, or the optimal regularity condition on γ, etc.

References
[1] A.L. Bukhgeim, Recovering a potential from Cauchy data in the two-dimensional case, Journal of

Inverse and Ill-posed Problems, 16(1), 2008, pages 19-33.
[2] D. Dos Santos Ferreira, C. E. Kenig, M. Salo and G. Uhlmann, Limiting Carleman weights and

anisotropic inverse problems, Inventiones Mathematicae, 178(1), 2009, pages 119-171.
[3] J. Sylvester and G. Uhlmann, A global uniqueness theorem for an inverse boundary value problem,

Annals of Mathematics, 125(1), 1987, pages 153-159.
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